Neutrino flavor conversions may dramatically affect the inner working of compact astrophysical objects as well as the synthesis of new elements. We present the first sophisticated numerical solution of the neutrino flavor conversion within a (2+1+1) dimensional setup: we include the advective term in the neutrino equations of motion and track the flavor evolution in two spatial dimensions, one angular variable, and time. Notably, the advective term hinders the development of neutrino pairwise conversions, if the conditions favoring such conversions (i.e., crossings between the angular distributions of ν e andν e or a non-negligible flux of neutrinos traveling backward with respect to the main propagation direction) exist for time scales shorter than the typical time scale of the advective term. As a consequence, fast pairwise conversions can only occur when the conditions favoring flavor conversions are self-sustained and global, such as the ones induced by the lepton emission self-sustained asymmetry (LESA) in core-collapse supernovae. Our work highlights the major impact of the dynamical evolution of the neutrino field on the growth of flavor instabilities and the strong interplay between classical and quantum effects. Critical limitations of the linear stability analysis, used to predict neutrino flavor instabilities, are also pointed out.
Introduction
In the interior of neutrino dense astrophysical environments, such as neutron star mergers and core-collapse supernovae (SNe), neutrinos experience a non-negligible potential due to the presence of other neutrinos. This potential is analogous to the one due to electrons in the well known Mikheev-Smirnov-Wolfenstein (MSW) effect [1, 2] . The neutrino-neutrino scattering gives rise to an extremely fascinating phenomenology, inducing non-linear effects in the neutrino equations of motion [3, 4] . Notably, as a result of the non-linear nature of the evolution equations, the flavor evolution of neutrinos with different momenta is correlated.
The non-linearity of the neutrino equations of motion in compact astrophysical objects makes the solution of the neutrino flavor evolution extremely challenging, even when unrealistic simplifying assumptions are made. One of the first successful self-consistent calculations of neutrino flavor evolution including neutrino-neutrino interactions has been performed assuming spherical symmetry and instantaneous decoupling of all neutrino flavors at the same radius [5] [6] [7] [8] [9] , the so-called "neutrino-bulb model." Despite being extremely simplified, the calculation of neutrino flavor evolution within the bulb model still proves to be challenging. In fact, it requires the numerical solution of several millions of differential equations that may take up to several hundred CPU-hours depending on the desired accuracy.
Any relaxation of the assumptions of the neutrino-bulb model makes the numerical solution of the flavor problem unfeasible. However, semi-analytical techniques proved that the non-linear nature of the problem implies that the bulb model provides different results than the ones obtained when some of the assumptions of this model are relaxed [10] [11] [12] [13] .
In addition, since the decoupling of different flavors occurs at different radii and neutrinos undergo flavor-dependent interactions, the initial angular distributions are flavor dependent. In some circumstances, this can lead to coherent pairwise conversion of neutrinos [14] [15] [16] . Pairwise conversions are fast in the sense that their characteristic time scale is proportional to the neutrino number density, instead than the typical neutrino vacuum frequency [16] . Favorable conditions for fast flavor conversions may occur in the proximity of the neutrino decoupling region [15] [16] [17] [18] . Therefore, fast pairwise conversions may have important implications for the neutrino-driven explosion mechanism in SNe as well as the nucleosynthesis of heavy elements.
One of the conditions that has been identified as being relevant to the development of fast pairwise conversions is the existence of crossings in the electron neutrino lepton number (ELN) or a non-negligible flux of neutrinos propagating in the backward direction [16, 19, 20] . In a spherically symmetric SN, the occurrence of ELN crossings in the proximity of the decoupling region requires a sharp radial evolution of the baryon density, with electron neutrino and antineutrino number densities being comparable [21, 22] . Moreover, localized regions of ELN crossings may also occur in the early SN stages. It is not clear whether in this case the neutrino flavor evolution may affect the SN physics on a macroscopic scale, or whether there are fast neutrino conversions at all [21] . In neutron star mergers, the occurrence of ELN crossings seems to be favored by the more complex geometry and the natural excess ofν e 's over ν e 's [23, 24] .
The major implications of the eventual occurrence of fast pairwise conversions in compact astrophysical objects has triggered a remarkable effort from the community to better grasp this phenomenon [21, 22, [25] [26] [27] [28] [29] [30] [31] , but there is a long road ahead. In fact, one of the major complications is related to the numerical solution of this problem with high enough spatial and angular resolution, as dictated by the high frequency imposed by the neutrino fast conversions.
Given the complications induced by the non-linear nature of the system, and due to the spontaneous breaking of spatial and axial symmetries [11, 12] , a minimum of two spatial dimensions is required to properly grasp the physics of the system. We here present the first sophisticated (2+1+1) dimensional modeling of the fast pairwise conversions in compact astrophysical objects; we solve the equations of motion in two spatial dimensions, one angular variable, and time and we include the advective term in the equations of motion. Within a simplified framework mimicking patches of the dense SN core, we explore the time evolution of the neutrino and antineutrino distributions in the presence of localized ELN crossings and of extended regions of ELN crossings similar to the ones induced by the lepton emission self-sustained asymmetry (LESA) [32] .
The main goal of our work is to investigate under which conditions flavor instabilities may grow within a dynamical system. To do that, we explore three different scenarios reproducing global and localized regions of ELN crossings similar to the ones found in hydrodynamical simulations of SNe [22, 27, 29, 30, 32] . We also introduce the "instability parameter" and generalize the criteria under which fast pairwise conversions may occur. This paper is organized as follows. In Sec. 2 we discuss the conditions favoring the occurrence of fast pairwise conversions proposed in the literature and adapt them to our (2+1+1) dimensional model. We also provide a generalization of the criteria leading to favorable conditions for fast conversions by introducing the "instability parameter." In Sec. 3, we describe the setup of our (2+1+1) model and its numerical implementation. In Sec. 4, for the first time, we explore the impact of the advective term on the ELN evolution and on the growth of flavor instabilities. We then explore the flavor evolution when an extended stripe of ELN crossings exists, when two ELN stripes are considered and they move towards each other, and when only one localized ELN excess occurs. Finally, an outlook of our work and conclusions are presented in Sec. 5.
Fast pairwise neutrino flavor conversion
The non-linearity induced by the neutrino-neutrino interactions makes the flavor evolution strongly dependent on the geometry and the number of dimensions of the system. Since at least two spatial dimensions are required for exploring any eventual effect of the advective term on the neutrino angular distributions, we explore the evolution of the (anti)neutrino angular distributions in time, within a two-dimensional (2D) box, and for one angular variable. In this Section, we introduce the neutrino equations of motion in the 2D box and generalize the criteria leading to fast pairwise conversions by introducing the "instability parameter."
Equations of motion
Our system consists of a 2D box with width and height given by L x and L y and periodic boundary conditions. For each point (x, y) in the box, 2 × 2 density matrices describe the neutrino and antineutrino fields, respectively, at time t:
The density matrix of neutrinos is normalized such that tr(ρ) = 1 and we fix the asymmetry between neutrinos and antineutrinos such that tr(ρ) = a. For each point (x, y) in the box, the (anti)neutrino field has a distribution in momentum. For the sake of simplicity and since we intend to focus on fast pairwise conversions, we assume all (anti)neutrinos have the same energy, and the momentum is only determined by the angle θ with respect to the y−axis.
The flavor evolution is determined by the following equations of motion for neutrinos and antineutrinos:
The advective term, v · ∇, depends on the velocity of the (anti-)neutrino field v. The latter has modulus equal to the speed of light and direction along the direction of propagation. The Hamiltonian, H, consists of a vacuum term that depends on the neutrino mixing parameters, a term describing the interactions of neutrinos with the matter background, and a selfinteraction term, see e.g. [3] .
Since we intend to focus on fast pairwise conversions, we neglect the vacuum term in the Hamiltonian. We also ignore the matter term as it is not relevant to our purposes. In addition, as we will discuss in Sec. 4, we neglect the collision term. The Hamiltonian is then
where µ represents the strength of the neutrino-neutrino interaction µ = 10 5 km −1 .
(2.5)
Significant evolution in the number of (anti-)neutrinos can occur only if the off-diagonal term of the Hamiltonian is not very small compared to the diagonal term. In the case of neutrino-neutrino interactions, the magnitude of the off-diagonal component of the Hamiltonian is a dynamical quantity that is determined by the momentum distribution of the density matrices. For a given initial angular and spatial distribution, whether there will be significant flavor evolution depends on the temporal evolution of the off-diagonal elements of the density matrices which are connected to the probability of flavor transition. If the off-diagonal components of the density matrices grow with time (i.e., a flavor instability occurs), they will eventually lead to a change in the diagonal components of the density matrices which are directly connected to the spatial and temporal evolution of the number density of the different flavors.
For the sake of simplicity and without loss of generality, in what follows, we assume ρ xx (t = 0 s) =ρ xx (t = 0 s) = 0, a = 0.5, and L x = L y = 100 km. If all off-diagonal terms of the density matrices are zero at t = 0 s, then they will remain zero in the absence of the linear terms of the Hamiltonian (vacuum or matter term). In order to reproduce situations where non-zero off-diagonal terms may be induced by stochastic hydrodynamical fluctuations or induced by the linear terms of the Hamiltonian, we seed ρ ex (t = 0 s),ρ ex (t = 0 s) = 0 as detailed later. We also assume a constant µ across the whole 2D box and impose periodic boundary conditions. As we will see in Sec. 4, this allows to track the flavor evolution within our (2+1+1) setup with a reasonable number of CPU-hours.
Instability parameter
The rate of growth of the off-diagonal terms of the density matrices (and therefore of the flavor instability) can be estimated by using the linear stability analysis for given initial conditions [10, 16] . In particular, Ref. [16] found that fast pairwise conversions may be induced by ELN crossings or in the presence of a non-negligible backward flux. In the case of ELN crossings, the growth of flavor instabilities may be affected by the depth of ELN crossings [20, 33] .
We here introduce the "instability parameter" that depends on the shape of the angular distributions of ν e andν e and it is approximately proportional to the growth rate of the off-diagonal components of the density matrices:
It should be noted that, since the definition of ζ contains two powers of I 1,2 in the numerator and in the denominator, ζ is independent of the overall normalization of the density matrices. The ζ parameter is zero when there is no ELN crossing or when there is no backward flux, therefore it generalizes the criteria outlined in Ref. [16] .
Neutrino flavor evolution in a two-dimensional box
We explore three configurations of our 2D box. The first scenario corresponds to the case where neutrinos and antineutrinos are initially located along a stripe in the (x, y) plane. This would mimic the evolution of flavor conversions in the case of an extended region of ELN crossings such as in the presence of LESA. The second scenario is similar to the previous one, but we assume two stripes moving towards each other, such as expected in the decoupling region. The third scenario corresponds to the case where neutrinos and antineutrinos are initially localized in a small region in the (x, y) plane which should mimic the evolution of random fluctuations occurring within the inner SN core. In the following, we will introduce the numerical framework adopted to explore the flavor evolution in all these configurations.
Model setup
We define a 2D spatial grid with length L x = L y = 100 km which is identical in all simulations. The "one stripe configuration" is shown in the top left panel of Fig. 1 . It corresponds to the initial box configuration consisting of neutrinos localized along a stripe, which is homogeneous along the y-axis and distributed according to a Gaussian along the x-axis as displayed in the 1D projection in the middle panel of Fig. 1 . The non-zero diagonal terms of the density matrix are defined as follows
with σ = 8%L x and the center of the distribution x 0 = 1/5L x . At t = 0 s, for each (x, y) the angular distributions of neutrinos and antineutrinos are fixed to be two top hat angular distributions,
with b being the opening angle of the ν e angular distribution (assumed to be π/6 unless otherwise specified) andb = π being the one ofν e . This configuration would mimic what should happen in the presence of LESA, when the ELN changes its sign. A sketch of the initial ν e andν e angular distributions for three selected points across the stripe is shown in the bottom panel of Fig. 1 .
Note that we assume that the angular distribution of ν e is forward peaked and theν e one is isotropic. However, in a realistic framework, the angular distributions of neutrinos and antineutrinos are both forward peaked after decoupling. As we will see later, we focus on a more extreme scenario since any growth of a flavor instability would be further suppressed, if both distributions are assumed to be forward peaked at t = 0 s. Moreover, the occurrence of fast neutrino oscillations requires that the values of the heights (g,ḡ) and the widths (b,b) of the angular distributions are different for neutrinos and antineutrinos.
The "two stripe configuration" is shown in the middle top panel of Fig. 1 and would mimic the case of two (anti)neutrino fronts crossing each other. The (anti)neutrino field is now distributed along two Gaussian distributions as in Eq. 3.1, one on the left and one on the right of the 2D box with mean values x 0,L = 3/10 × L x and x 0,R = 7/10 × L x ; σ is the same as in the single stripe scenario.
The "one dot configuration" is shown in the right top panel of Fig. 1 . It has been obtained by assuming Figure 1 . Top: Sketch of the 2D box at t = 0 s for the three configurations adopted in this paper: "one stripe configuration" (on the left), "two stripe configuration" (in the middle), and "one dot configuration" (on the right), see main text for more details. Middle: 1D projection of the stripe or dot configuration to show ρ ee (continuous line) andρ ee (dot-dashed line) as a function of x. Bottom: ν e andν e angular distributions for the three points A, B, and C highlighted in the middle panel, respectively from left to right. with x 0 = y 0 = 1/2L x . This scenario would mimic the evolution of ELN crossings generated by stochastic fluctuations in the proximity of the decoupling region.
Numerical implementation
We perform numerical simulations with different initial conditions, while keeping the overall architecture of the numerical simulations and the grid size unchanged. For each (x, y) point, we define the angular distributions of neutrinos and antineutrinos as described in Sec. 3.1 and evolve the (anti)neutrino equation of motions according to Eqs. 2.2, 2.3. In the numerical runs, we adopt the following number of spatial and angular bins: N x = N y = 300 and N θ = 150. We use an adaptive method for the temporal evolution of the system. Note, however, that for the cases without the advective term, the number of spatial bins is not relevant since the spatial gradient in the advective term is zero. Although, we impose periodic boundary conditions on our box, we let the stripe configurations evolve within a time interval such that (anti)neutrinos never cross the boundaries.
The spatial gradient on the left-hand-side of Eqs. 2.2 and 2.3 can lead to numerical instabilities, if a sufficient number of spatial bins is not used. This problem can be made less severe by employing higher order derivatives instead of the usual central point method. In our code, we use a 7 point stencil which is accurate up to sixth order for spatial derivatives [34] . For the temporal evolution we use the Runge-Kutta-Fehlberg (7, 8) method from the odeint library of Boost [35] .
In order to speed up the computational time, we parallelize our numerical code through the OpenMP interface [36] . Within this simplified setup, each simulation run takes about 200 CPU-hours. Figure 2 shows an example of the outcome of our simulation for the "one stripe configuration" (top middle of Fig. 1) , with b = π/6 andḡ = 0.5. Moreover, we assume the following for the off-diagonal seeds: ρ ex (θ, t = 0 s) = 10 −4 cos(2πy/L y ), with y ∈ [0, L y ] such that the symmetry along the y direction is broken, andρ ex (θ, t = 0 s) = 3ρ ex (θ, t = 0 s) 1 . In order to test convergence in the angular binning, we have ignored the advective term in the equations of motion for this run and will investigate its impact in Sec. 4. The top panel of Fig. 2 shows the off-diagonal term of the density matrix dθρ ex (θ) as a function of time for a comoving point with maximum ρ tot = ρ ee +ρ ee + 2ρ xx = const. in the box. As we will discuss in Sec. 3.3, dθρ ex (θ) grows exponentially. When the magnitude of the off-diagonal elements of the density matrix reaches the same order as the diagonal elements (∼ ρ ee ), flavor transformations start. Note that, in order to keep the computational time limited and since we focus on a simplified scenario, we only evolve the simulations for O(10 in dθρ ex (θ) for 150 and 300 uniformly distributed angle bins. We find that the results are identical within 1%.
Growth of the flavor instability
As shown in Fig. 2 , when the advective term is neglected in Eqs. 2.2 and 2.3, the absolute value of the off-diagonal component of ρ grows exponentially in time. We find that the exponent, κ, satisfies the following proportionality
where this definition of µ eff depends on the ELN, while the one of µ in Eq. 2.5 is meant to be related to the total (anti)neutrino number density. The growth of the flavor instability is shown in Fig. 3 where dθρ ex (θ) is plotted as dashed line as a function of time for b = π/6 (on the left) and b = π/4 (on the right), g = 0.5, ρ ex (θ, t = 0 s) = 10 −4 cos(2πy/L y ), andρ ex (θ, t = 0 s) = 3ρ ex (θ, t = 0 s) for the "one stripe configuration" and for one comoving point in the box. The continuous lines have been obtained by using Eq. 3.5. As one can see, Eq. 3.5 perfectly catches the growth rate of the off-diagonal terms of the density matrix. It should be noted that the definition of κ is heuristic in nature; although it is not clear whether a single parameter can encapsulate the growth rate of the instability for all angular distributions, the parametrization in Eq. 3.5 works for all cases that we have explored. When v · ∇ = 0, the exponential growth of the off-diagonal term of ρ does not depend on the neighboring regions, and it continues to grow until the non-linear regime is reached. 
Role of the advective term in the neutrino evolution equation
In this Section, after general considerations on the impact of the advective term, we discuss the role that the latter plays on the growth of flavor instabilities in the "one stripe configuration," "two stripe configuration," and in the "one dot configuration." We also discuss how advection affects the evolution of the ELN distribution as a function of time. In this Section, we assume ρ ex (θ, t = 0 s) = 10 −3 cos(2πy/L y ) andρ ex (θ, t = 0 s) = 3ρ ex (θ, t = 0 s) in all numerical runs.
Impact of the advective term on the neutrino distributions
Before exploring the growth of the flavor instabilities in the different configurations assumed for our 2D box, we adopt geometrical arguments to forecast how the angular distributions should evolve in the presence of advection.
The left panel of Fig. 4 shows a schematic diagram of the box in the "one stripe configuration." Let us consider a point P = (x, y) outside the initial location of the stripe (|(x − x 0 )| > σ). At t ∼ (x − x 0 )/c, neutrinos from various points along the stripe and emitted along different θ's will reach P .
It is easy to estimate the width of the angular distribution at any given time, which is dependent on the width of the initial distribution b(b), see Eqs. 3.1-3.3. If the width of the initial distribution is zero (i.e., we start with Dirac delta function), then at any given time t, only neutrinos traveling along a certain direction can reach the point P . In other words, for any point P that was not on the stripe initially, the angular distribution will still be a Dirac delta distribution in θ.
Understanding the limiting case with b(b) → 0 allows to draw insightful conclusions regarding the evolution of the ELN crossings in time. At any given point P far away from the stripe, there will be a wavefront of neutrinos that will pass through it at time t and if the distance of P from x 0 is greater than σ the argument from the previous paragraph will still hold. If the distance between P and x 0 is d, then the width of the angular distribution at a certain time t will be δθ ≈ min w, arctan σ d ,
where w is the width of the initial angular distribution, which is b orb (Eqs. 3.2 and 3.3). Equation 4 .1 is such that no matter how large σ is, the angular width cannot be greater than w. The second argument of the min function in Eq. 4.1 can be easily gleaned by noticing that the width of the angular distribution is given by the neutrino which is emitted at x − x 0 = σ. If arctan σ/d < w, then the angular distributions of ν e andν e have the same width, and fast conversions cannot occur.
In the "two stripe configuration," if we focus on the limit b(b) → 0 then, in order to reach a point P outside both stripes at time t, neutrinos will have traveled different pathlengths; hence, their angular distributions will be peaked at different θ's. As a consequence, the instability parameter ζ which was initially zero for all points in between the two stripes will become non-zero. As we will discuss in Sec. 4.3, this means that this configuration may probably favor the growth of flavor instabilities.
Similar considerations hold for the "one dot configuration," see the right panel of Fig. 4 . Let us consider a point P = (x, y) outside the "dot" in the 2D box, i.e. d 2 = (x − x 0 ) 2 + (y − y 0 ) 2 > σ 2 . From simple geometric considerations, it can be seen that the advective term acts like a narrow pass filter. In fact, at t the (anti)neutrino angular distribution will have width
where w is the width of the initial angular distribution of neutrinos or antineutrinos. Notably, the rate at which the neutrino number density dilutes as a result of advection is different for the "one stripe" and for the "dot" configurations. We now explore the role of the advective term in the neutrino equations of motion. We expect that the advective term will have several effects on the neutrino flavor evolution. On the one hand, the advective term should diffuse any eventual ELN excess localized in a small spatial region, diluting it over a broader region. On the other hand, the parameter ζ should be modified as a result of advection. Moreover, as it will become clear in the following, by modifying the instability parameter, the advective term will also affect the occurrence of fast conversions.
The time-scale required for the advective term to wipe out the instability parameter (ζ → 0) is given by the time at which the two arguments of the min function in Eq. 4.1 are comparable:
In this case, the width of the angular distribution of ν e andν e becomes independent of the initial angular distribution, and it is the same for ν e andν e . The characteristic time scale of neutrino advection, t conv , should be compared with the other characteristic time scale of the system t osc , which defines the time required for flavor transformations to occur. In fact, because of flavor instabilities, the off-diagonal term of the density matrix evolves like ρ ex (t = 0) exp(κt osc ) = O(ρ ee ); t osc obviously depends on the initial magnitude of the off-diagonal term, the effective neutrino number density, and ζ. In turn, the latter two evolve in time because of the advective term in the equations of motion. 
Flavor evolution in the one stripe configuration
We will now focus on the "one stripe configuration" of our 2D box, see the left top panel of Fig. 1 . We investigate the flavor evolution in the presence of the advective term in the neutrino equations of motion, assuming b = π/6 andḡ = 0.5 (see Sec. 3.1 for more details).
The top panels of Fig. 5 show the resultant evolution of ζ × ρ tot with ζ defined as in Eq. 2.6 and ρ tot = ρ ee +ρ ee + 2ρ xx = const. for t = 0.0, 0.25 × 10 −4 , 0.5 × 10 −4 and 0.75 × 10 −4 s, from left to right respectively. Because of advection, the initial stripe tends to drift from left to right in the box as time increases. The corresponding bottom panels show the ν e andν e angular distributions of the comoving point with maximum ρ tot (x, y) for each time snapshot. The ν e andν e angular distributions evolve such that ζ is large at t = 0 s, but ζ starts decreasing as time increases since the neutrino distributions become more and more forward peaked. Although we show the angular distributions for a selected comoving point, this trend holds for all points in the 2D box. Animations of ζ × ρ tot , ν e andν e angular distributions, and of the diagonal and off-diagonal terms of the neutrino and antineutrino density matrix are provided as Supplemental Material.
We investigate whether advection hinders the development of fast neutrino oscillations within the "stripe ELN configuration." The left panel of Fig. 6 shows the evolution of ρ ex = ( |ρ ex |dxdydθ)/[ (ρ ee +ρ xx )dxdydθ] andρ ex (defined analogously toρ ex ) as a function of time. In the absence of convection, the off-diagonal terms grow exponentially (see left panel of Fig. 3 ), but nowρ ex andρ ex reach a plateau at t 0.6 × 10 −4 s. In fact, as a consequence of the role played by the advective term, ζ tot = ζdxdy decreases with time as the neutrino and antineutrino angular distributions tend to be more and more forward peaked, see right panel of Fig. 6 and bottom panel of Fig. 5 . This configuration of the 2D box tends to mimic what would happen in a SN patch in the presence of a front of ELN crossings. As one can see, unless the ELN crossings are self-sustained (as it could be in the case of LESA), they would be wiped out by the neutrino advective term. As a consequence, fast pairwise conversions would only lead to partial flavor conversion. Notably, our setup overestimates the effect of flavor conversions since we assume µ = const. in the box and maximize the initial ζ by assuming an isotropic distribution for ν e . In a realistic case, µ would tend to decrease as the distance from the decoupling region increases and ζ(t = 0 s) would be likely smaller than in our case given that the angular distribution ofν e is not isotropic outside the proto-neutron star radius.
Flavor evolution in the two stripe configuration
We now explore the "two stripe configuration" of our 2D box, see middle top panel of Fig. 1 . As we will see, in this configuration, the advective term in the neutrino equation of motion may create conditions that are favorable for fast pairwise conversions.
We evolve the (anti)neutrino field in time for two identical stripes moving in opposite directions (b = π/6 andḡ = 0.5, see Sec. 3.1 for more details). Animations of ζ × ρ tot , ν e and ν e angular distributions, the diagonal and off-diagonal terms of the neutrino and antineutrino density matrices are provided as Supplemental Material.
As shown in Fig. 7 , the two stripes move towards each other until they cross and then keep moving in opposite directions. The angular distributions of ν e andν e are initially identical in the two stripes. As the stripes evolve towards each other, for a comoving point (x, y) in the 2D box, the angular distributions of ν e andν e start to develop two peaks (one along θ = π/2 and one along θ = 3π/2), corresponding to the forward and backward directions with respect to v. The encounter of the two stripes at t 0.5 × 10 −4 s leads Figure 7 . Same as Fig. 5 but for the "two stripe configuration." Note that the ν e angular distribution shown in the bottom panels has one peak at t = 0 s, but it develops two peaks as t increases when it encounters neutrinos traveling in the opposite direction from the other stripe. ] Two stripe configuration Figure 8 . Same as Fig. 6 but for the "two stripe configuration." As a consequence of advection, the off-diagonal termsρ ex andρ ex , reach a plateau as the instability parameter ζ tot decreases until t 0.5 × 10 −4 s. The latter gradually increases for t ≥ 0.5 × 10 −4 s as the neutrinos from one stripe encounter neutrinos from the stripe; correspondingly the off-diagonal termsρ ex andρ ex tend to increase again. to a buildup of ζ × ρ tot ; this dynamically generates favorable conditions for fast pairwise conversions. Figure 8 shows the evolution ofρ ex andρ ex (on the left) and ζ tot (on the right) as a function of time. Similarly to what discussed in Sec. 4.2, the advective term tends to erase the conditions required for fast pairwise conversions before the two stripes meet. However, as the two stripes cross each other at t 0.5×10 −4 s, ζ tot starts to grow again. The off-diagonal terms of the density matrices (ρ ex andρ ex ) tend to increase, correspondingly. Note, however, that such a dynamical generation of favorable conditions for fast pairwise conversions ends as soon as the two stripes pass each other, as also shown in the movies.
A situation similar to the one discussed here may happen in compact binary mergers or in SNe when a non-negligible backward flux (with respect to the v direction) of neutrinos is present, see e.g. Refs. [23, 28] . In fact, in this case, a spatial instability would develop leading to fast pairwise conversions [16] . Notably, what is described as backward flux in Ref. [28] is dependent on the reference frame of the observer; any angular distributions of ν e andν e such that there is a significant backward flux of one with respect to the other in any reference frame will lead to fast neutrino conversions.
Importantly, such configuration would lead to sustained flavor conversions only in the presence of a stationary flux of (anti)neutrinos moving backward and forward with respect to v. This could only happen in the proximity of the neutrino decoupling region. Note, however, that collisions would also matter in the proximity of the decoupling region. Although they have been neglected in this work, it could be that they will contribute to damp the instability, preventing its growth.
Flavor evolution in the one dot configuration
We also consider another class of initial conditions: when neutrinos and antineutrinos are initially localized within a dot in the (x, y) box ("one dot configuration"), see Eq. 3.4 and the right top panel of Fig. 1 . The general principle governing the relationship between convection and flavor evolution remains similar to the one discussed for the stripe configuration, but quantitatively different. In fact, as we will see, the advective term acts like a narrow pass filter for certain angular modes, while at the same time diluting the number density of neutrinos.
We assume the initial angular distributions as described in Sec. 3.1 and fix b = π/6 and g = 0.5. We provide animations of ζ × ρ tot , ν e andν e angular distributions, the diagonal and off-diagonal terms of the neutrino and antineutrino density matrices as Supplemental Material.
In Fig. 9 , we show the evolution of neutrino ζ × ρ tot for the one dot configuration of the 2D box and the corresponding evolution of the angular distributions. Unlike the "stripe configuration," the number density falls very rapidly (cfr. Fig. 5 ), as also discussed in Sec. 4.1.
The left panel of Fig. 10 shows the evolution of the off-diagonal terms of the density matrices,ρ ex andρ ex , as a function of time. The panel on the right shows the evolution of the instability parameter ζ tot . In this case,ρ ex andρ ex decrease for t ≥ 0.2 × 10 −4 s as the instability parameter ζ tot decreases. This is a direct consequence of the rapid diffusion of the ELN excess.
This configuration mimics what would happen in SNe or compact binary mergers in the presence of localized ELN excess, e.g. generated by stochastic hydrodynamical fluctuations. We can conclude that this configuration would not lead to major changes in the flavor configuration and would be negligible for what concerns fast pairwise conversions.
Outlook and conclusions
Compact astrophysical objects are so dense in neutrinos that quantum effects are expected to manifest at macroscopic scales. In this work, we explore an interesting and insightful ] One dot configuration Figure 10 . Same as Fig. 6 but for the "one dot configuration." As a consequence of advection, the off-diagonal terms of the density matrices (ρ ex andρ ex ) starts to decrease at t 0.2 × 10 −4 s as the instability parameter ζ tot decreases.
interplay between the neutrino pairwise conversions (quantum effect) and the propagation of the neutrino field driven by the advective term in the equations of motion (classical effect). In order to do this, for the first time, we track the neutrino flavor evolution within a (2+1+1) framework, i.e. we solve the neutrino equations of motion in time, two spatial dimensions, and one angular variable.
We explore a simplified scenario with constant neutrino-neutrino potential for the sake of simplicity, however we mimic configurations similar to the ones that could occur in compact astrophysical objects where favorable conditions for fast pairwise conversions have been found through the stability analysis. In particular, we explore three different configurations: 1. neutrinos and antineutrinos are initially localized along one stripe in our 2D box, mimicking a situation similar to LESA; 2. two fronts of neutrinos and antineutrinos moving towards each other, similar to what could happen in the proximity of the neutrino decoupling region; 3. one localized excess of particles with electron lepton number (ELN) crossings, mimicking ELN fluctuations that could occur because of stochastic hydrodynamical fluctuations.
We generalize the conditions leading to the development of fast pairwise conversions introducing the instability parameter ζ that broadly captures the essence of the shape of the neutrino angular distributions leading to flavor instabilities. The instability parameter ζ along with the effective strength of neutrino-neutrino interactions determines the instantaneous growth rate of the off-diagonal components of the density matrices. However, the numerical solution of the neutrino equations of motion highlights a fascinating interplay between the growth of fast pairwise conversions and neutrino advection. Our sophisticated numerical simulations show that the advective term in the equations of motion hinders the growth of flavor instabilities, unless the front of ELN crossings (or of neutrinos moving in the opposite direction of v) is self-sustained in time.
As a consequence, our simple model predicts that significant flavor evolution due to fast pairwise conversions can occur in the presence of the LESA instability (scenario 1), but would not be significant for a localized ELN excess (scenario 3). Interestingly, in the proximity of the decoupling region where neutrinos are streaming backward and forward with respect to the emission direction, the angular distributions can evolve dynamically because of the advective term leading to the dynamical development of favorable conditions for fast pairwise conversions (scenario 2); a more in-depth analysis including collisions is however mandatory in this latter case, since collisions may damp the growth of flavor instabilities.
This work demonstrates a critical limitation of the linear stability analysis widely used in the field of collective neutrino conversions, as the time scales that are relevant from the point of view of classical evolution (i.e., advection) may be comparable to the time scale of flavor conversions. In addition, the advective term in the equations of motion is such that the conditions leading to the growth of flavor instabilities are dynamically affected from the surroundings. This aspect is not captured by the stability analysis.
Ours is the first numerical solution of the neutrino flavor evolution within a sophisticated and dynamical multi-dimensional framework. Although our work is in no way the final setup resembling the evolution of the neutrino field in core-collapse supernovae or compact binary mergers, it highlights the dynamical nature of flavor evolution.
